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XXXII. On the Precefiion of the Equinoxes produced by 
the Sun's Attraction. By the Rev. Mr. Ifaac Milner, 
M. A. and Fellow of Queen's College, Cambridge ; 
communicated by the Rev. Dr. Shepherd, F. R. S. 

Read June 24, 1779. 

IF the actions of the Sun and Moon upon the different 
parts of the earth were equal; or if the earth itfelf 
were perfectly fpherical, and of an uniform denfity from 
the center to the furface; in either cafe the attractions of 
thofe remote bodies would have no effect on the pofition 
of the terreftrial equator, and the equinoctial points 
would conftantly be the fame in the heavens. But it was 
impoflible to give the earth a rotatory motion round an 
axis without giving at the. fame, time a centrifugal force 
to its parts. This force is greateft at the equator, and is 
in a contrary direction to that of. gravity; on either fide 
of the equator the force is lefs;,and, moreover, only 
part of its effects is oppofed to that of gravity. It is ufual 
in determining the figure of the earth to confider the 
whole mafs as in a ftate of fluidity,, and the different co- 
lumns as fuftaining one another at the center. If the 

earth. 
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earth be coniidered as a hard body, firmly cohering In its 
parts by fome other force befides that of gravity, it does 
notfeem neceflary that the different columns fhould be 
fuppofed to fuftain each other at the center, though in 
both cafes the direction of gravity mull at every point of 
the fur/ace be perpendicular to the tangent of the figure. 
But we know, that there is a confiderable quantity of 
water upon the furface of the earth; and, therefore, if 
the equatorial regions were not higher than the polar, 
they certainly would be overflowed by the Ocean, which 
is contrary to experience.; and for this reafon the propor- 
tion of the diameters of the earth, determined upon the 
falfe fuppofition of an entire fluidity, cannot differ much 
from the truth. 

§ %. But the preceflion of the equinoxes, which de- 
pends upon the unequal actions of the Sun and Moon on 
the protuberant parts of the earth at the equator, will 
not be the fame in thefe different hypothefes; at leaft we 
can never be certain that it will be fo until we have com- 
puted their effects, and the computation itfelf muft pro- 
ceed on different principles. Suppofe the earth to be 
fluid under the form of an oblate fpheroid; or, what is 
more fimple, fuppofe the region of the equator to be fur- 
rounded with a ring of fluid matter, and the unequal 
action of the Sun will difturb the figure of the ring, and 

communicate 
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communicate a motion to its parts. Suppofe we knew 
the precife difturbing force of the Sun upon any one 
particle of this ring according to its fituation ; in that cafe 
we could eafily find the velocity which would be com<- 
municated to fuch a. particle in any given time;, but the 
mutual actions of the fluid particles upon each other 
could never be exactly eftimated, much lefs their effects- 
in endeavouring to turn the whole earth round its cen*- 
ter. However, it is eafy to fee v that in the cafe of a hard 
ring of matter cohering clofe with the furface of the 
earth at the equator, both the law by which the particles 
act on each other,, and on the whole mafs of the earth,, 
will be widely different from the cafe of fluidity, and the 
effects much greater in altering, the pofition of the axis 
of rotation. 

To explain this by an eafy example (fig. 1,) let a, b, 
and c, reprefent three fmall bodies in the fame horizonr 
tal line ae. Suppofe a to defcend by any accelerating 
force as gravity ; B^to- defcend by the fame force,.a lefs or a 
greater;, and c not to be acted upon,. at all: in every one 
of thefe cafes the bodies a and b. will defcend with their 
refpective velocities, and the body c will preferve its 
fituation. If a and b are fmall particles of fluid of any 
form,, and c a hard one, and if the particle a be placed 

3 ** 
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in contact with b, have its center of gravity a little above 
the center of gravity of b, and is a&ed upon by the 
greater accelerating force ; in this cafe we may conceive 
how the action of a may difturb the motion of b, and in 
the fame way how the hard particle e may receive a 
fmall motion from the actions of a and b. Then this 
motion muft be extremely little compared with the 
whole motions of a or b> and frill a great deal lefs if c 
be ftrongly connected with a fixing of hard particles 
along the line ce, fo that c cannot be moved without the 
whole line ce turning round the immoveable eenter E. 
Now if a, b, and c, be fuppofed hard particles firmly 
connected to the lever ae, then it is plain that the velo- 
city of c, whatever it is, rauft be in proportion to that of 
a and b as their refpective diftanccs from e the center of 
motion, and this, whatever the impulfive forces are with 
which A and b are urged in their refpective directions. 

The body c being ftill fuppofed void of gravity, let 
the bodies a and b be urged by forces perpendicular to 
ae in any fmall equal times through the unequal fpaces 
s and i, and let the magnitudes of the bodies be repre- 
fented by a, b, and c reflectively. Then the fpace 
through which a is actually urged in that time will 
eafily appear from mechanics to be reprefented by 
a Ax 
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AA-Asxj + BXBEXiXAB and the fo ace defcribed by c is 

;aX AE*+fi X be'+cx ce\ * ' 



AXAXxt + BxjKX,xtm m g ee artide the J3tlK 

XxA«'+»x»r+cxcs' 

§ 3. The preceding article being Well underftood, 
whatever doubts may remain concerning the motion of 
a ring of matter confidered as detached from the earth, 
we may be certain that the motion of the nodes of the 
equator can never be the fame, whether we fuppofe the 
ring at the equator to be fluid and to reft upon the fur- 
face of the earth, partaking of the diurnal motion, or 
whether we fuppofe.it hard and compact, and by its co* 
Jhefion communicating a proportional degree of motion 
to the different parts of the earth. In fait, the problem 
of the preceffion of the equinoxes, which has hitherto 
been confidered as extremely difficult, and in its folution 
drawn out by authors to an immeafurable length, re- 
quires no principles but the received doctrine of motion, 
and the application of the lever, which have been made 
ufe of in the.laft article. In that article we fuppofed the 
bodies a and b to be impelled by different forces in pa- 
rallellines, and we eftimated the real fpace, Which either 
a or c in any fmall time would defcribe in confequence 
of thofe-impulfive forces and their mutual connection 
by an inflexible lever. Now this is precifely what is re- 

Vol. LXIX. X x x quired 
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quired to be done in the cafe of the Sun's unequal adlion 
on the protuberant parts of the equator. The excefies 
or defers of that unequal action are to be considered as 
forces applied to thole parts, which would move them 
according to the different circumftances through un- 
equal fpaces proportional to the forces in equal times of 
action, provided the particles were at liberty to move 
freely in the directions in which they are urged; and, 
Jaftly, the real fpace muft be computed through which a 
particle moves at fome known diitance from the center 
of the earth in confequenceof thele various forces. This-, 
whole procefs will not differ from the eafy example al- 
ready defcribed, except in the. length of the calculation, 
and the proper management of the doctrineof fluxions ;; 
and it feems advifable in difficult fubjects always to begira 
with fimple inftances before we proceed to thofe which are- 
more complex, and to diftinguifh the algebraical ©pera<- 
tions from the principles upon which they are founded.. 
§ 4. la order to determine how much any particle of 
the earth is affected by the unequal action of the Sun. 
(fig. 2.), let cam reprefent the earth, s the Sun at a 
great diftahce, and cd a plane perpendicular to the line 
st joining the centers of the Sun and earth. If sk or st 
reprefent the accelerating force of the Sun on a particle at 
the earth's center, and sl be taken to sk in the duplicate 

ratio 
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ratio of ST to sp; si, will reprefentthe attraction- on any 
particle p, and by the refolution of motion t m or PL will 
reprefent the perturbing force of the Sun on the fame 
particle. By the conftruclion sl : sk :: sk 2 : sp% and by 
divifion kl : sk :: sk 2 -sp 2 : sp 2 :: sk + spxpk: sp 2 and pl 
or tm is nearly equal to 3pk, and as ^pk is to sk or st, 
fo is the fpace defcribed by p in any fmall time in the di- 
rection pk, to the fpace defcribed in the fame time by 
the center of the earth in confequence of the Sun's at- 

tra&ion. This laft fpace is equal to — where z repre- 

fents the arc defcribed by the earth's center during an j 
fmall motion in its orbit, and the former is equal to 
2I£i5— i This is the fpace which would be defcribed by p 

in the direction pk if the particle was at liberty to move 
freely. Let us at prefent fuppofe that no other particle 
is difturbed by the Sun's attraction except this one, and 
then proceed to enquire into the effe&s of this dilturb- 
ance when p by its cohefion communicates a motion to 
the different parts of the earth, which is farther con- 
ftrajned to turn round an axis t, the common interfec- 
tiort of the plane cd and the terreftrial equator. From 
the laws by which motfon is communicated, and the pro- 
perty of the lever, it eafily appears, as in the fecond arti- 
cle,- that the fpace throtigh which any particle of the 

X x x 2 earth's 
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earth's equator is impelled at the greateft distance from 

the axis t, is to 21^., the fpace which would be defcribed 

in the fame time by any particle at liberty, the magnitude 
of which is reprefented by p, aspxKTx the radius of the 
equator to the fum of all the particles of the earth mul- 
tiplied into the fquares of their refpecUve diftances from 
the faid axis. 

To compute this fum in the eafieft way, and by an 
approximation, which is quite fumcient when the polar 
and equatorial diameters differ little from one another; 
let dpe (fig. 3.) be a fphere whofe radius is unity, divided 
into an infinite number of thin cylindrical furfaces, 
whofe bafes are the circles naqj it is obvious, that all 
the particles in any one of thefe furfaces are at the fame 
diftance ca=a" from the axis of motion perpendicular to 
the plane of the circle naq^ Call ap,jk, and a, the area 
of the circle dpe and the fluent of 4A# 3 ,%y, or of -^Kx % fy y 
becaufe xx = -yy gives the fum of all the particles in the 
fphere multiplied into the fquares of the refpecfive dif- 
tances from the axis. This fluent corrected is equal to 
— , and muft now be diminifhed in the ratio of 1 to 

1 - 2/>, if we fuppofe the earth to be an oblate fpheroid 

whofe equatorial diameter is to the polar as 1 to x-p\ 

4 and, 
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and,laftly,trie,fpace defcribed by a particle at the greateft 
diftance from the axis is equal to 4 ^*^**-^- 1 , 

A ioaxst'xi-u/i 

§ 5. In fig. 4. let pia/>dk reprefent the earth ortho- 
graphically projected on the plane of the folftitial co- 
lure, p,/>, the poles, ik a leffer circle parallel to the equa- 
tor, and vape a fphere defcribed with the polar radius 
pt: then, fince the particles without the globe only are 
concerned in changing the pofition of the axis of rota- 
tion, let l reprefent fuch a particle fituated in the cir- 
cumference of the circle ik, and by the preceding article 
its effect will be 4SLXt " XMTX "*, and by the fame way of 

i6a x'st'x 1 — zp 

reafoning, when two equal particles l, /, are fuppofed to 
be difturbed by the Sun's attraction, the fpace defcribed by 
that point of the equator, which is at the greateft diftance 
from the axis of rotation or the common interfection of 
the plane cd and the equator a, will be equal to 

45 *X L XLMXMT + /X^I and ^ fame fflent holds f()r 

i6st 2 xax I — 2p ° 

every other particle without the fphere. 

The fum of all the lxlmxmt+&c. muft now be 
found; and for this purpofe Sir isaac newton's con- 
ftruclion is, perhaps, as convenient as any that has hi- 
therto appeared. In the fame figure n n is parallel, and 
xy perpendicular, to cd ; take -LX-xl, and let m y n, repre- 
fent 
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fent the fine and eofine of the angle of* to the radius 
Unity. It is eafy to prove in his way that i$>«;lmxm?S 
+lxlmxtm is equal to tiLx^x»xLjf 2 -T^% and the 
fluent of la: 2 multiplied into the fluxion of the circular 
arc la: is eafily found in the following manner, without 
having recourfe to tables of fluents, or the methods of 
continuation. 

From a known analogy the fluxion of the arc lx ig to 
the fluxion of its verfed fine as the radius ix of the fame 
circle to l x the right fine, l x multiplied into the fluxion 
of the verfed fine is the fluxion of the; area of the &mj-r 
circle l/, and calling ix,y y the fluent of hx* multiplied 
into the fluxion of the arc lX is evidently equal *o 

^, where a frill reprefents the area of a circle" wftofe tfr- 

4ius is unity: aj> is equal. to the femi-circumference ik 
and a/xt,* 1 is equal to the fluent of TA* mxMplied into 
the fame fluxion, and calling rx, i>,-and fiabfMtutitfg for 
i / its equal py, the fum of all the l x lm x.»t *Mq. ift *h£ 
annulus 1 / is equal to mnp a %f~ a^ V-. This taffe qtaan* 
tity multiplied into the fluxion of <p, arid the fluent taken 
by the common method when v is equal to TP-ofr unity 
nearly, comes out i£!2? and twice this quantity gives the 

fum of all the l x lm x mt, without the whole fphere p a p % 
and therefore the fpacedefcribed by a particle of the equa- 
tor 
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lor in the circle of the Sun's declination while the center 
of the earth is carried through the fpace z of its orbit is. 
equal to - 3 f"*lfL =, and may be fuppofed to be equal to 

^ 2ST*XI — 2/> Z 

2£^-,, the alteration produced by the correction in art.. 

4. on account of the fpheroidical figure of the earth 
being too inconfiderable to affect, the conclufion. 



§ 6. We are to obferve, that the fpace $ pmnx . defcribed 

j x 2sT 

by that point of the equator, which is the interfection of 
the circle of the Sun's declination, is generated by the- 
perpetual attraction, of the Sun. This attraction may be 
reckoned conftant during the very fmall time of the- 
earth's defcribing z in its annual motion;, and, therefore,, 
the faid point of the equator, at the end of that time, will 
have acquired a velocity which would carry it through 
MZ£ in the fame time. 

ST 2 

§ 7. Let t reprefent the time of the earth's revolution) 
in its orbit, t the time of its rotation round its axis,, 
and fuppofe w to be a fmall arc fimilar to z in a circle 
whofe radius is unity- In figure 5. let AQ.be the equa- 
tor, and take hb equal to ^, and bt perpendicular to a b 

equal to spmnw*, and Kb, bt, will reprefent the direc- 
tions and quantities of the two different motions of the 
point a, and confequently \t will be the direction of the 
3 new 
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new equator, and as a b or ht is to £/, ft> is the radius 
unity to the fine of the angle t&b, and if AQ.or ag be 
taken equal to a quadrant, GQ_the meafure of the angle 

GAQjs equal to UlU^l. 

§ 8. Suppofe s the Sun's place in the ecliptic ns, n the 
equinoctial point, na the Sun's right afcenfion, and ro a 
perpendicular on an: then ro is to GQ^as the line of an 
to the radius, and r N to ro as the ramus to the line of the 
angle at n the inclination of the ecliptic to the equator, 
and, ex ' aquo per tur bate, m to GQ,as the fine of an to 
the fine of n and rn the fmall preceflion of the equi- 

, . ... w,x * fin. NA X 

noxesis equal to$pfnn — — x fa-^' 

§ 9. In the fphprical triangle asn, the fine of an = 
cotang. nx, tang. as=*~^, and farther the fine of 

m j i ,.„ -ipfxbn.u) xwx cof! n ,„u n fa 

s n = ?— - and r n is equal to ^ — , whole 

fin". N ' a " T 

fluent or 21' x 2%v-6n. awxcof. n gives the preceflion 

of the equinoxes during the Sun's motion through the 
arc ns of the ecliptic: when ns is equal to a circle, then 
the whole fluent becomes equal to ^^ x cof. n, and as 

•vaT is to 3/)/xcof. n, fois 60x60x360 to ai"+6 w the 
annual preceflion of the equinoxes in feconds produced 
by the Sun's attraction. 

§ 10. 
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4 I a We might now proceed in a fimilar way to in- 
Veftigate the effe&s of the Moon f s difturbing force, the 
location of the earth's axis, and the equation of the pre- 
ceffion ; but fince thefe propofitions are purely mathe- 
matical, and the computations have already been gone 
through by other authors, it will be needlefs to repeat 
them here. 

\.t\* nxwton was the firft who attempted to explain 
the precefEon of the equinoxes from its caufes. Since 
has time various other fdtutions have been given us by 
the moft celebrated mathematicians; and it defcrves to 
he noticed, that, in a cafe where there cam be little doubt 
that he Was miftaken, other authors have found it diffi- 
cult to agree among thenuelves in differing from him. 
J& B'iU.EifitEK.T* hi the year 1749, printed a treatife 
expre&ty an the fuhjcA, and has fince faid c ">, that him- 
felf is acknowledged to be the firft who determined 
rightly the method of folving fuch problems, euler, de 

|4i4LCUU^N<7%nU9XVS,SII.VA.BEX/LE,WAlAi:ESLET,SIM?SON f 

s>«iuo»(» have each coafidered the fubjeO, and perhaps' 
the importance of the enquiry would juftify a minute 
examination into the caufe of the agreement or difagreer- 

(4) Vailtetfri^ de» geometres, vraiment capaMes d'appreclet rrion travail, 
•atAoi^WiwWfupplWA towautrctemoignafP, en «eetor»nKp*r j'ai owert 
le premier la route pour refoudre ce genre de queftions. See Opufc. Math, 
vol. V. fiur la Pteceffion del Equinoxes. 

YoE. LXIX. Y y y ment 
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merit of their feveral methods; but I am deterred 
from entering into fuch a difeuffion by the length of 
time which it would require; efpecially as I think thofe 
who have read the authors mentioned will eafily con- 
ceive the fubftance of what I mould have to obferye, and 
to thofe who have not read them I mould hardly be able 
to fay any thing intelligible. 

§ 1 2. The above folution, if it had no other advan- 
tages, is, ,1 apprehend, much more concife than any that 
has hitherto been given. Abftra&ed from what is faid 
by way of illuftration, articles 4th to 9th contain all the 
calculation requifite, and as I have ftudioufly avoided the 
ambiguous ufe of the terms force> vis, efficaeia, mo- 
mentum, &.c. as well as every doubtful reprefentation of 
times, fpaces, and velocities, which are often fuhftituted 
by authors in equations, I believe, the whole procefs will 
appear eafy, and the evidence upon which the conclusion 
refts be exactly afcertained. 

§ 13. The principles defcribed ki articles 2. and 4. 
depend upon the third law of motion, and the property 
of the lever, and are demonftrated in the following man- 
ner. Every thing remaining the fame as in art. a. (fig. 
6.) let av and br,. perpendicular to the right line or axis 
ae, reprefent the forces and dif edtions with which thofe 
bodies are refpedtively urged, when at liberty to move 
1 freely 
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freely in fhofe directions; and let A<y, Br, ce, reprefent 
the accelerative forces of the refpective bodies, as altered 
by their mutual actions upon each other: then, becaufe 
c-x-c-c is the moving force gained by c, and a-x <yv + B xtr 
the moving force loft by a and b, regard being had to 
the lengths of the different levers ae, be, we ihall have 
AxuvxAE+BxrRxBE equal to cxCfxCE, that is, 
AxAExAV-A^+BxBExBR-Br equal to cxctxcE, and 
by tranfpofition axaexav + bxjexbR equal to cxcex 

cf+AxAExAr+BxBExBr. Let j, s, reprefent, as in 
art. 2. the fpaces which would be defcribed by the bodies 
a and b at liberty in any very fmall portion of time, and 
let x be the fpace which a actually defcribes in that time 
when connected with b and c by the lever ae. The 
quantities x JL21 y X J111 > will then be the fpaces defcribed 

bys and c refpectively ; and, laftiy, becaufe the fpaces de- 
fcribed in given times are as the accelerating forces, the 

above equation gives * equal to jgjgffigj^ / 

The fame method extends itfelf eafily to more diffi- 
cult cafes, and by its affiftance feveral very important 
theorems are briefly demonftrated. 

§ 14. The reafoning made ufe of in art. 6. will ap- 
pear very evident to any one moderately verfed in the 

Y y y 2 elements 
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elements of mechanics and the doctrine of moving 
forces ; and therefore I muft believe that it is by miftake 
that one author of note entirely omits fo neceffary a ftep 
which affe£ts the conclufion by juft one half. When a 
body moves with any velocity in the direction am (fig. 
7.) which would carry it through the fpace ad in a fmall 
particle of time, and any force which may be reckoned 
conftant for that time urges the body through the fpace 
dc perpendicular to am, the body at the end of that time 
will arrive at the point c; bin joining ac we are not to 
fuppofe, that, if that force ceafed to act, the body would 
proceed in the direction acl: for take cm equal and pa- 
rallel to ad, and cd'm cd produced equal to acD, and 
the direction of c at that point will be c7, the diagonal of 
the parallelogram cdlm. 

Thus when a body revolves in any curve by a centri- 
petal force (fig. 8.) we may, with Sir isaac newton, 
fuppofe the curve to be compofed of an indefinite num- 
ber of right lines, and the body to move either in the 
chords or the tangents of the curve; but then we are to 
take care that we make not fuppofitions inconfiftent with 
each other. Let the curve be a circle, and ad a tangent 
at the point a the direction of the body's motion when 
It arrives at that point, and let dc, parallel to the diame- 
ter al be the effect of the centripetal force : then, if we 
% fuppofe 
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fuppofe the body to move along the chord ac, and lay, 
that the angle cA& meafures the defle&ion of the path 
in the time of the body's moving through the arc or 
chord AC> we fliaU miftafce by one half of the true quan- 
tity; for draw the tangent at c, and fince A*fis equal to 
dc from the property of the circle, the angle cdt> of de- 
viation is equal to twice the angle CKd. The practice of 
newton in annular cafe, where he is inveftigating the 
horary motion of the lunar nodes in a circular orbit, is 
entirely confiftent with this. See the Prihcipia, lib. III. 
prop. 30. 

$ 15. M» d'a£embert has lately charged Simpson's 
account of the preceffion of the equinoxes with fome 
miftakes of this nature in his fecond lemma; but, in 
juftice to Simpson, I muft fay, that, Whatever other de- 
fects there may be in his paper, I am convinced, after the 
moft diligent attention, that thofe alluded to are without 
foundation* 

§ 16* Sir iSAAc newton fiifftobferved, that an ho- 
mogeneous globe could not pOflibly retain many difuhct 
motions, without compounding them all into one, and 
revolving with a iimple and uniform motion about an 
invariable Mis. When two forces imprefs upon a globe 
twodiftinc% circular tactions w , he briefly concludes in 

(b) See Principia* lib. I. prop, lxvi. coroH. 22. 

his 
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his way, from the laws of motion, that it is (he lame thing 
as if thofe two forces were at once impreflfea in the com-" 
mon interfec~tion of che equators Of thofe motions^ and 
upon this principle we fuppofed At in art. 7. to be the 
direction of the new equator, In ordei to remove any 
doubts that might arife about the juftnefs of this mode 
of compounding motion, frisius has given a geometri- 
cal demonftration of the principle: but the thing may 
be mewn much more eafily in the following manners 
Suppofe (fig. 9.) rb, a B, to be two axes abowt which 
every point in the plane abpr tends to move with veloci- 
ties as the refpective diftances from the axes; let PQ_per- 
pendicular to ab be to PR. perpendicular to Rb as the an- 
gular velocity of p about kb to the angular velocity of 
the fame point about ab, and let the velocities be in con- 
trary directions : then, I fay, every point in the plane 
will move with a velocity proportional to ks diftance f Fom 
the axis pb. Firft, it is evident, that any point c in the 
axis rb will move round pb with a velocity proportional 
to its diftance cm: for the point e lying in the axis rb 
has no velocity round rb, and cm is proportional to -cn- 
Draw p c parallel to ab> and any point d irt that line will 
move with a velocity proportional to dv, which is per- 
pendicular to pb, for the following rcafom 

The 
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The velocity of d is equal to the different® of-iis twd> 
relocities round the refpe&ive axes Rb, as, ©1 the differ* 
ence of d's velocity round rb, and p's velocity round a bv 
finee all the points in po move rwith the fame velocity 
round ab* DraWr dt parallel to eft, and this difference" 
will be proportional to pt, becaufe the velocities of p 
round rb, ab, are fuppofed equal to each other, and pt 
is proportional to dv, and every point in the plane moves 
round pb with a velocity proportional to its diftance; and* 
the fame; thing may be fhewn when any point is taken: 
without the. .plane abcpr* 

§ 17. Becaufe any point c in the* axis rb moves wi«fi& 
the fame velocity round pb as it does round ab; theangu*- 
lar velocities round the two axes ab, pb, wMlbe to each 
other iriverfely as, their reipedtive diftanees cn, cm; and 
becaufe cn : cm :: pb :vc and sr : pq;:: pc *c», ifc fi?fe 
lows, that iti the diagonal 9/ the parallelogram pg^c wttk 
reprefent the angular velocity of tbe revolving plane ? when 
BQj bc, am taken,itmeaeb other as tbe aHgular velocities) 
of the. fame' plane round, tbpje reJPe&i^e axes. 

§ 18, Erom this it clearly follows, that the reafona 
given by simpson %in his miscellaneous tra<Sts,of the 
difference between ;hi$ own. foliation and that of uewtowz 
inthePrincipia, cannot poflibly be the time spe; "It 

(i) Pages 44. and 45. 

" appears; 
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« appears further," fays he, " by perilling his thirty-ninth 
" propolition, that he there aflumes it as a principle, that 
" if a ring encompaffing the earth at its equator, but de- 
" tached therefrom, was to tend or begin to move about 
" its diameter with the fame accelerative force or angular 
" celerity as that whereby the earth itfelf tends to move 
" about the fame diameter through the action of the 
" Sun, that then the motion of the nodes of the ring and 
" of the equator would be exactly the fame." 

The principle is certainly implied in newton's proof,, 
and is capable of the moft rigid demonftration, art. 1 6, 

17- 

§ r 9. It will be aflced then, where is the fault of new-. 

ton's reafoning? How comes his concluiion to be too lit- 
tle by above one half? It is acknowledged on all hands 
that there is an error in his third lemma ; but then the 
correction of that error makes only a very fmall, altera- 
tion in the refult. 

It is impoffible for any one to form a complete judge- 
ment of his method without going through the whole of 
his calculations, which pre-fuppofes that the mean mo-» 
rion of the lunar nodes is computed. This motion may 
be concifely determined and exactly enough for the pur- 
pofe from prop. 30. of the Principia, and from thence is 
inferred the motion of the nodes of a fatellite revolving 

in 
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in 'the -plane of the equator at the furface of the earth 
with a velocity equal to that of the earth round its axis. 
We are then to fuppofe, that the mean motion of the 
nodes of a fatellite, revolving with fuch a velocity, is the 
fame with the motion of the nodes of a ring of rigid 
matter furrounding the earth at its equator, and revolv- 
ing with the fame velocity. This laft hypothefis is ad- 
mitted -by Simpson, who thinks that his own fecond 
temma contains a full demonstration of the point. For 
my own part, I believe with frisius, that we are to look 
here for the material error in newton's folution of the 
problem. It is evident, that thelrue motion of the nodes 
of the fatellite, and the ring of matter, are not the fame; 
and it is by no means obvious, that their mean motions 
are fo» The mean motion of the nodes of a ring of hard 
matter cohering together is very eafily computed by the 
method in art. 4th tothe 9th, and turns out nearly dou- 
ble the mean motion of a Moon revolving at the furface 
of the earth with the fame velocity. 

It is a very interefting enquiry to find out the real 
caufe of the miftake in the Principia, lib. III. prop. 39.; 
and therefore at a future opportunity I may, perhaps, con- 
fider this particular part of the fubjecl more attentively. I 
have long been fatisfied with the account already given, and 

Vol. LXIX. Z z z mould 
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iliould probably have remained, fa, if M. d'ae,embert w , 
in his Opufc. vol. V. had not perMed to affirm* that the 
mean motion of the nodes of the ring of matter and of 
the fatellite were the fame. 

This opinion of fo celebrated a mathematician raifes 
fcruples in one's mind; and fhews, that when we ven- 
ture to differ from Sir isaac newton in thefe matters, ft 
is with the utmoft. difficulty that we can- arrive at cer- 
tainty. 

(d) II n'y ade parite quedans lemouvement mvytn de<ces deuxanneaux - , ou 
de l'anneau folide et de la lune; lesmouvemens in/lanianit font tres differens de 
part et d'autrej.ainfi la comparaifon-du mouvement de l'anneau avec celui de la 
lune, ferviroit tout au plus a trouver Ie mouvement moy/n de l'anneau, ou de la 
preceffion des equinoxes, raais millement a determiner la nutation, de-l'axe et 
l'equation de laprcceffion. . 
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